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$(A^{-1_{\text{ }}}(2,1)$ ) $=$ $-a_{22}^{-1}a_{21}|A|_{11}^{-1}$




$|A|_{21}^{-1}=-a_{11}^{-1}a_{12}|A|_{22}^{-1}$ (row homological relation )
$|A|_{21}^{-1}=-|A|_{11}^{-1}a_{12}a_{22}^{-1}$ (column homological relation &V\ $\check{\mathcal{D}}$ )
2 Quasideterminant
$R$ :




$A^{1j}:A$ $i$ $j$ $(n-1)\mathrm{x}(n-1)$
.






$|A|_{11}=a_{11}-a_{12}a_{22}^{-1}a_{21}$ , $|A|_{12}=a_{12}-a_{11}a_{21}^{-1}a_{22}$ ,
$|A|_{21}=a_{21}-a_{22}a_{12}^{-1}a_{11}$ , $|A|_{22}=a_{22}-a_{21}a_{11}^{-1}a_{12}$ .
Remark. $R$ , qtla.sideterminant $\det A$ – ,
$|A|_{ij}=(-1)^{:+j_{\frac{\det A}{\det A^{:j}}}}$
.
Deflnition 2. $A^{-1}$ , $|A|:j$ .
$A^{-1}=(|A|_{j^{1}}^{-1})_{1\leq:,j\leq n}$
Example 2. $\text{ _{}\overline{\pi}}\text{ _{}4\overline{\mathrm{T}}P\mathrm{J}A=}’$ ,
$|A|_{11}^{-1}$ $=$ $(1-i \cdot k^{-1}j)^{-1}=(1+ikj)^{-1}=\frac{1}{2}$
$|A|_{21}^{-1}$ $=$ $(j-k \cdot i^{-1}1)^{-1}=(j+ki)^{-1}=(2j)^{-1}=-\frac{j}{2}$
$|A|_{12}^{-1}$ $=$ $(i-1 \cdot j^{-1}k)^{-1}=(i+jk)^{-1}=(2i)^{-1}=-\frac{i}{2}$
$|\lrcorner 4|_{22}^{-1}$ $=$ $(k-j \cdot 1^{-1}i)^{-1}=(k-ji)^{-1}=(2k)^{-1}=-\frac{k}{2}$
$A^{-1}= \frac{1}{2}(-i1$ $=_{k}^{j})$
Deflnition 3. $|A|_{jj}$ .
$n=1$ , $|A|_{1j}=a_{ij}$ ( $A=(a_{r}.)_{\mathrm{f}=:,.=j}$ )
$n\geq 2$ ,
$|A|:j=a_{1j}-. \sum_{i’\in I\backslash \{\cdot\},j’\in J\backslash \{j\}}a::\ell|A^{ij}|_{j^{l\prime}}^{-1}.\cdot a_{j^{l}j}$
$I=J=\{1,2, \cdots,n\}$ .
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$A$ $i$ $\lambda$ $B$ ,
$|B|_{kj}=\{$
$\lambda|A|:j$ for $k=i$




, $A$ $j$ $\mu$ $C$ ,
$|C|:\iota=\{$
$|A|:j\mu$ for $l=j$





$A$ $k$ $B$ ,





, $A$ $l$ $C’$ ,









1. Row homological relations:
$-|A|_{2j}\cdot|A^{:\iota}|_{j}^{-1}.=|A|:\iota\cdot|A^{1j}|_{\iota l}^{-1}$ , $s\neq i$
2. Column homological relations:
$-|A^{kj}|_{t}^{-1}.\cdot\cdot|A|_{1j}=|A^{:j}|_{kt}^{-1}\cdot|A|_{kj}$, $t\neq j$
$R,err\iota ark$. , $|A^{*j}|_{l}^{-1}.|A^{d}|_{j}$. ’ $s$ .
, $|A^{kj}|_{1t}|A^{1j}|_{kt}^{-1}$ $t$ .
, .
Corollary 1. $s\neq i$ $t\neq i$ ,









homological relation , .
Theorem 10. $\varphi_{j,k}$ : $B$ $j$ $b_{jk}$
$\psi_{1j}|,:A$ $j$ a
$\alpha_{j}:=\varphi_{j,\mathrm{h}}(B^{jk})^{-1}(arrow 4^{1j})^{-1}\psi_{:,j}$ .
$\varphi uasideterminant|AB|_{1k}$ $(1+\alpha_{j})^{-1}$ ,
$|AB|:k=|A|_{1j}(1+\alpha_{j})^{-1}|B|_{jk}$
Example 11. $n=2$ ,
$|AB|_{11}=|A|_{11}(1+b_{12}b_{22}^{-1}a_{22}^{-1}a_{21})^{-1}|B|_{11}$
3.5 tensor $\mathrm{f}\mathrm{f}\mathrm{i}\text{ }$ quasideterminant
Proposition 12. $|A|_{1j}$ $|B|_{\alpha},\rho$ , $|A\Theta^{\backslash }B|_{1\alpha,j\beta}$ , .
$|A\otimes B|_{*\alpha,j\beta}.=|A|_{1j}|B|_{\alpha,\beta}$
Rernark.
$\det(A\otimes B)=(\det A)^{\mathrm{n}}(\det B)^{m}$ $A:m\mathrm{x}\prime rn$ , $B,$ $n\mathrm{x}n$
.
3.6 1
Proposition 13. |A| , 3 .
1. $|A|:j=0$
2. $A$ $i$ $A$ 1
3. $A$ $j$ $-4$ 1
, $|A|_{11}=a_{11}-a_{12}a_{22}^{-1}a_{21}=0-1$ ,
$a_{11}=\lambda a_{21},$ $\lambda=a_{12}a_{22}$ . , $a_{12}=(a_{12}a_{22}^{-1})a_{22}=\lambda a_{22}$ .
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44.1 Moore
$n$ $S_{n}$ disjoint cycle .
$\sigma=(k_{11}\cdots k_{1j_{1}})(k_{21}\cdots k_{2j},)\cdots(k_{m1}\cdots k_{mj_{n}})$
$\forall i$ , $k_{:1}<k_{1j}$ for all $j>1$
$k_{11}>k_{21}>\cdots>k_{m1}$
unique.




$\cdots a_{k_{1\mathrm{j}_{1}},k_{11}}a_{k_{1},k_{2}},,$ $\cdots\cdots a_{k_{n\mathrm{j}n},k_{n1}}$
Remark. $A$ , $a_{j*}$. $=\overline{a}:j$
Mdet$(A)\in \mathrm{R}$ .
Remark. Moore , [Dy], [ ]
Example 14. , $A$ , $a_{*i}.\in \mathrm{R}$ , aji=a- .
$7l=2$ , Mdet $(,4)=a_{11}a_{22}-|a_{12}|^{2}$
$n=3$ ,
Mdet $(A)=a_{11}a_{22}a_{33}+a_{12}a_{23}\overline{a}_{13}+a_{13}\overline{a}_{23}\overline{a}_{12}-|a_{12}|^{2}a_{33}-|a_{13}|^{2}a_{22}-|a_{23}|^{2}a_{11}$ .








$=$ : Sdet $(A)$
Study . , .
Sdet $(A)\neq 0$ , $A^{-1}= \frac{1}{\mathrm{S}\det(A)}(|d|^{2}d\overline{b}|c|^{2^{\overline{\frac{a}{b}}=\overline{\frac{c}{d}}}}c^{\frac{}{a}}|a|^{2}\overline{d,}-^{\frac{a\overline}{b}}a,c|b|^{2}\overline{\mathrm{c}}-bd=)$
Sdet $(\mathrm{A})\}\mathrm{h}\text{ }$, . [As]





, Al2k,l2=h A l, 2, $\cdot$ . .k , l, 2, $\cdot$ . .k (n-k) . ,
$k$ ,
$|_{\wedge}4^{12\cdots k,12\cdots k}|_{k+1,k+1}\in \mathrm{R}$











$X=(x_{ij})$ : , $-\mathrm{Y}^{T}$ :
$D=(\partial:j),$ $\partial_{1j}=\partial/\partial x_{1j}$ :
. $X,$ $D$ $\det X,$ $\det D$ .
$X^{T}D=(f_{1j})$ $= \sum_{k}x_{k:}\partial_{kj}$ , .
$[f:j, f_{k\mathrm{t}}]=\delta_{jk}f_{d}-\delta_{\mathrm{t}:}f_{kj}$
$U(gl_{n})$ $E_{ij}$ .
n \Phi =(\Phi :’) , Capelli ( , - ) .
$\det_{Cu\mathrm{p}}(\Phi):=\sum_{\sigma\in s_{n}}\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)\Phi_{\sigma(1)1}\cdots\Phi_{\sigma(n)n}$
Capelli U(gln) . [W]
, .
$\det_{Cap}(X^{T}D+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-?\cdot\cdot 0\sim,\cdot,))=\det X\det D$ (Capelli )










$I=\{i_{1}, \cdots, i_{n}\},$ $J=\{j_{1}, \cdots, J_{n}\}$
’ 1, $\cdots,$ $n$ ,
$z_{IJ}^{(k)}$ $:=|(X^{T}D)_{IJ}^{(k)}+kE_{n-k}|$: $(k=0, \cdots, n-1)$
. , $(X^{T}D)_{IJ}^{(k)}$ $X^{T}D$ $i_{1}\cdots i_{k}$ , $j_{1}\cdots$ , $E_{n-k}$ $(n-k)$
.
Theorem 18. $[GRJ$
$sgn(I)sgn(J) \prod_{k=0}^{n-1}z_{IJ}^{(k)}=\det X\det D$
, $z_{IJ}^{\{k)}$ .
Example 19. $n=2,$ $i_{1}=j_{1}=\mathit{2},$ $i_{2}.=j_{\mathit{2}}=1$ ,
$[f_{22}, f_{11}+1]=0$ , $[f_{12}, f_{11}+1]=-f12$ ,
$f_{12}(f_{11}+1)=(f_{11}+1)f_{12}-f_{1\mathit{2}}=f_{11}f_{12}$
,








intro , Gauss .
$a_{22}\neq 0$ $=$Theorem 20. [GGRWJ ( Gauss )
$A=$
$y_{k}=|A_{k}|_{kk}$ , $A_{k}=(a_{*j}),$ $i,j=k,$ $\cdots,$ $n$ , $A$ (principal) quasi-minor
. ,
$x_{\alpha\beta}$ : $A$ sllbmatrix right quasi-Pl\"ucker coodinate,
$y_{\beta}$ : $A$ submatrix lefi quasi-Pl\"ucker coodinate
Remark. $R$ , $y_{1}y_{2}\cdots y_{n}=\det A$ . $n=3$ ,
$y_{1}y_{2}y_{3}=. \frac{\det A}{a_{22}a_{33}-a_{\mathit{2}3}a_{32}}\cdot\frac{a_{22}a_{33}-a_{23}a_{32}}{a_{33}}$ . $a_{ss}=\det A$ .
$R$ , Moore Capelli ,
quasi-minor .
$a_{22}=0$ $-4$ $a_{12}\neq 0$ ,
Bruhat .$=$Theorem 21. [GGRWJ ( Br%hat )$A$ , X, Y, D, P
$A=XPD1’$.
P-lXP , $X,$ $P$, D, Y $A$ – .
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right quasi-Pl\"ucker coodinate















$a^{\uparrow}$ . $[a, a^{\uparrow}]=1$ .

































$\partial_{l}^{-1}$ . $f$ $=$ $f\partial^{-1}ae-f’\partial_{x}^{-2}+f’’\partial_{l}^{-3}-\cdots$
$\partial_{l}^{-2}\cdot f$ $=$ $f\partial_{l}^{-2}-2f’\partial_{l}^{-3}+3f^{l\prime}\partial_{l}^{-4}-\cdots$
,








$L=\partial_{\mathrm{r}}+u_{0}\partial_{\mathrm{g}}^{-1}+u_{1}\partial_{l}^{-2}+\cdots$ , $v,:=\prime u:(x_{1}, x_{\mathit{2}}, \cdots)$ , $x_{1}=x$
,
$\frac{\partial L}{\partial x_{m}}=[B_{m}, L]$ , $B_{m}:=(L^{m})_{+}$ (1)
$\mathrm{K}\mathrm{P}$ .
$\mathrm{K}\mathrm{P}$
$\alpha_{k},\beta_{k},$ $a_{k}(k=1, \cdots, N)$ ,









$y_{1}^{\langle N)}$ $y_{N}^{(N)}$ $\partial_{l}^{N}$
$\Delta$ : $y_{1},$ $\cdots,$ $y_{N}$
( , , – )
$\phi y_{k}=0(k=1, \cdots, N)$ .
Proposition 22. $L=\phi\partial_{l}\phi^{-1}$ { KP (1) .
$\mathrm{K}\mathrm{P}$ $N$ .
$\mathrm{K}\mathrm{P}$ [EGR]
$R$ , Lax :
$L=\partial_{l}+w_{0}\partial_{l}^{-1}+w_{1}\partial_{x}^{-2}+\cdots$ ,
$w_{*}$
. $=u)_{1}(x, t_{1}, t_{2}, \cdots)$ $R$,
,
$\frac{\partial L}{\partial t_{m}}=[B_{m}, L]$ , $B_{m}:=(L^{m}\rangle_{+}$ $(2\rangle$
KP . ( , [H] )
$\mathrm{K}\mathrm{P}$
$\alpha_{k},$
$\beta_{h},$ $a_{k}\in R(k=1, \cdots, N)$ ,
$y_{k}(x,t)=\exp\xi(x,t,\alpha_{k})+a_{k}\exp\xi(x,t,\beta_{k})$ ,
$\xi(x,t,\alpha)=(x+t_{1})\alpha+t_{2}a^{2}’+t_{3}a^{3}+\cdots$
. 1V $\Phi$ :
$\Phi f=|\mathrm{W}^{r}(y_{1}, \cdots,y_{N},f)|_{N+1,N+1}$
$>$ , $\mathrm{W}^{7}(y_{1}, \cdots,y_{N}, f)$$:=$
$\Phi y_{k}=0(k=1, \cdots, N)$ .
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Proposition 23. $L=\Phi\partial_{l}\Phi^{-1}$ KP (2) .
$\mathrm{K}\mathrm{P}$ $N$ .
$D:R$
$R_{n}(D):=$ {$L\in R[D];n$ , }
.
Deflnition 4. $f1,$ $\cdots,$ $f_{n}\in R$ : nondegenerate set , $W(f1, \cdots, f_{n})$
.
Theorem 24. [EGRJ (i) $f_{1},$ $\cdots,$ $f_{n}\in R$ : nondegenerate set
$L\cdot f_{1}=0$ $(i=1, \cdots, n)$ $L\in R_{n}(D)$ – ,
:
$Lf=|\mathrm{i}7^{r}’(f_{1}, \cdots, f_{n}, f)|_{n+1,n+1}$
(ii) L\in R $(D)$ ,
$fi,$ $\cdots,$ $f_{n}:Lf=0$ $\forall m\leq n$ $f1,$ $\cdots,$ $f_{m}$ : nondegenerate set
$L$ ;
$L=(D-b_{n})\cdots(D-b_{1})$
where $b_{:}=(D\mathrm{T}\eta^{r},|)\mathrm{W}_{1}’’-,$ , Wi $=|W(f_{1}, \cdots, f_{1})|_{1i}$
, $L=D^{n}+v_{1}D^{\mathfrak{n}-1}+\cdots$ , $v_{1}=- \sum_{1=1}^{n}b_{1}$ .
$\mathrm{K}\mathrm{d}\mathrm{V}$
, $\mathrm{K}\mathrm{P}$ $L_{-}^{2}=0$ ,
$M=L^{2}=\partial_{l}^{2}+\cdot u$ $\mathrm{K}\mathrm{d}\mathrm{V}$ :
$\frac{\partial\Lambda I}{\partial t_{m}}=[M_{+}^{m/2}$ ,
$m=3$
$u_{t_{l}}= \frac{1}{4}(u_{l\sim\iota}+3u_{\mathrm{g}}u+3un_{\epsilon})$ ( $\mathrm{K}\mathrm{d}\mathrm{V}$ )
KP $N$ $/^{\mathit{3}_{k}}=-\alpha_{k},$ $t_{2k}=0$ , Kc1V
$N$ $M=L^{2}=\Phi\partial_{l}^{2}\Phi^{-1}$ . ( $R$ )
:
$y_{k}=e^{\xi\langle u,t,\alpha_{k})},+a_{k}e^{-\xi(ae,t,\alpha_{k})}$ ,
$b_{:}=(\partial_{l}\ddagger \mathrm{t}_{i}^{r})W_{1}^{r-1}$ , $W_{2}:=|l\mathrm{i}^{7}(y_{1}, \cdots , y_{i})|_{i:}$ .
43
Proposition 25. $u(x, t)=2 \partial_{l}(\sum_{i=1}^{\mathrm{v}}b_{\mathrm{t}})l$ $KdV$ .
$t_{:}=0(i\neq 3)$ , $t=t_{3}$ $y_{k}=e^{\alpha_{k}x+\alpha_{k}^{8}t}+a_{k}e^{-\alpha_{k}x-\alpha_{k}^{l}t}$ $\mathrm{K}\mathrm{d}\mathrm{V}$
$u_{t}= \frac{1}{4}(u_{xxx}+\mathit{3}\text{ }u+\mathit{3}uu_{x})$ $N$ .
:1- $u= \mathit{2}\frac{\partial}{\partial x}[(e^{\alpha ae+\alpha^{l}\mathrm{t}}-ae^{-\alpha\iota-\alpha t}’)\alpha(e^{\alpha l+\alpha^{\mathrm{a}}t}+(xe^{-\alpha \mathrm{r}-\alpha^{l}\mathrm{t}})]$
$u= \frac{2\alpha^{2}}{\cosh^{2}(\alpha x+\alpha^{3}t-c)},$ $c= \frac{1}{2}\log a$ {0 .
5
1. quasideterminant , –
.
2. , [LI],[L2], Lie [MR]
, .
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